
Special Relativity Elucidates Maxwell’s Equations 
Introduction

In 1861, James Clerk Maxwell (1831 – 1879) consolidated knowledge gained through 
experimentation & study of electromagnetism (EM) into a set of equations which bear 
his name (ref [1]). These equations set up a technique to quantify classical EM 
phenomena. Once macroscopic EM characteristics were described, the stage was set 
for further discoveries. At the dawn of the 20th century, Albert Einstein (1879 – 1955) (ref 
[2]) proposed Special Relativity (ref [3]) that explained many EM issues & Max Planck 
(1858 – 1947) (ref [4]) published his Quantum solution (ref [5]) which set a path for the 
frontiers of Physics into the 21st century (ref [6]).

Lorentz’s Luminiferous Aether: In 1899, Hendrik Lorentz (1853 – 1928) (ref [7]) 
published his Lorentz Transformation Equations as they are given now complete with (β 
& 𝛾) designations. However, Lorentz still upheld a universal reference frame for distance 
& time. When one traveled @ speeds close to the speed of light ( ) from this "𝑐 preferred" 
frame, moving matter contracted due to traversing a "luminiferous aether" that pervaded 
all vacuum. Lorentz also outlined Δ-time by measure of light beams between mirrors. In 
turn, the aether would cause retardation of light travel time & distance to measure a 
constant ( ).𝑐

By 1915, Lorentz had alluded to his short comings (ref [7]) citing his incorporation of "a 
fortuitous compensation of opposing effects". Advances in Science occur many times in 
independent pairs (ref [8]): Calculus by Isaac Newton & Gottfried Leibniz, Evolution by 
Charles Darwin & Alfred Wallace, now Relativity by Albert Einstein & Hendrik Lorentz 
(almost). BTW, Herr Leibniz was German, so his name is pronounced “LYB-nits” [ ] 
(ref [9]).

What is Special Relativity: In 1905, Albert Einstein proposed Special Relativity (SR) 
which defined space & time per the Lorentz equations of transformation. These 
equations modify Newtonian physics for the primary SR postulates (ref [10]): 

1) “The laws of physics are the same in all inertial reference frames.”
2) “The speed of light propagating in a vacuum is the same in all inertial reference frames.”

Coming into the turn of the last century (1879), experimental results showed that the 
speed of light was independent of the Earth’s orbital motion (ref [11]). In addition, 
Einstein was conducting “thought experiments.” From his mind exercises, Einstein had 
deemed it unrealistic to travel with a light beam (ref [12]).

Einstein had also determined Isaac Newton incorrect in describing aspects of time. 
Newton assumed (refs [13] & [14]):

“All time flows unchangingly at the same pace, in the same increments, from the 
infinite past into the infinite future.” 
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BTW, Einstein proposed General Relativity (GR) in 1915 (ref [15]). In drawing similar 
analogies to SR, GR encompasses both EM & gravity. When the Universal Gravitational 
Constant (G) appears in an equation along with the light speed ( ), GR assumptions & 𝑐
knowledge are usually being applied. The values of these fundamental physical 
constants are (siData.pdf, ref [16]):

Relativity Constants of Identification
sym set value SI units label theory

𝑐 299792458 m/s speed of light (exact) SR
G 6.6743E-11 N▪m²/kg² gravitational constant GR / SR

If (G) is absent, but ( ) is present, then SR assumptions usually apply.𝑐

The Lorentz Transformation

While the Lorentz transformation equations were derived before SR was proposed, 
Einstein saw them as valid & necessary to support his postulates. In vector equation 
form for (𝑐t, r), space-time components transform to (𝑐t’, r’) in a reference frame with 
velocity (v), the Lorentz transformation is (ref [17]):

t’ = 𝑐 𝛾v [𝑐t − (r • βv)] r’ = r + 𝛾v βv [(r • βv) σv − 𝑐t]

Assign (r t𝑐  ≡ 𝑐t); then, the space-time 4-vector is (r t𝑐 , r):

(r t𝑐 )’ = 𝛾v [r t𝑐  − (r • βv)] r’ = r + 𝛾v βv [(r • βv) σv −  r t𝑐 ]

With auxiliary variables:

βv ≡ v/𝑐  𝛾v ≡ (1− v²/𝑐²)-½ =  (1− βv²)-½ 

σv ≡ [1 − 1/𝛾v](1/βv²) = 1/[1+1/𝛾v]

The Lorentz transformation preserves the (𝑐t, r) 4-vector length (ref [18]). The 
transformation equations also show the application of the space-contraction term (σv) 
(0.5 ≤ σv ≤ 1.0) (refs [19]).

( t‘)² − (r’)² = ( t)² − r² =  constant𝑐 𝑐

(r t𝑐 ‘)² − (r’•r’) = (r t𝑐 )² − (r•r) =  constant

In the 4-vector lengths of this article, the [+ - - -] Minkowski metric (ref [20]) is used. The 
minus sign for the spatial coordinates (r) & (r’) indicates that the time-dimension is 
treated differently from space (x, y, z) dimensions. We can choose a spatial direction at 
will, but we can only modify our forward speed @ which we inevitably progress one way 
through the dimension of time. The Lorentz transformation matrix for a given velocity (v) 
that maintains a 4-vector Minkowski length is then:
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r’ct

= [Lv]

rct

Lv =

𝛾v −𝛾v 𝛽x −𝛾v 𝛽y −𝛾v 𝛽z

r’x rx
−𝛾v 𝛽x 1+𝛾v 𝜎v 𝛽x² 𝛾v 𝛽x 𝛽y 𝛾v 𝛽x 𝛽z

r’y ry
−𝛾v 𝛽y 𝛾v 𝛽x 𝛽y 1+𝛾v 𝜎v 𝛽x² 𝛾v 𝛽y 𝛽z

r’z rz
−𝛾v 𝛽z 𝛾v 𝛽x 𝛽z 𝛾v 𝛽y 𝛽z 1+𝛾v 𝜎v 𝛽z²

The 4×4 matrix (Lv) is a velocity (v) boost transformation matrix for 4-vector 
transformations (refs [21] & [23]). With matrix indices given standard as (aij = arow,column) 
matrix algebra is reviewed in reference [24]. The symmetric matrix algebra of (Lv) 
duplicates the vector algebra of the Lorentz transformation equations.

Conservation of Charge 

In beta decay, an isolated neutron splits into a stable pair of oppositely charged 
subatomic particles, a proton & electron (& electron antineutrino), in about 15 minutes 
on average (ref [50]). At the end of some stars’ lives, that are larger than our Sun, the 
opposite occurs. Stars above the Chandrasekhar limit (1.44 M⊙) or little less than one & 
half the mass of Sol, will end as neutron stars (ref [51]). Their fuel is depleted; their 
masses collapse to the extent that gravity compresses electrons into atomic nuclei; 
proton & electron charged pairs combine forming neutrons in a neutron star (ref [52]).

Heavier weight stars (a few solar masses & higher) may collapse into stellar black holes 
(refs [53] & [54]). BTW, Shree Chandrasekhar (1910 – 1995) (ref [55]) was an Indian-
American born into British India (now Pakistan) with Hindi ancestry, so his name is 
pronounced “CHƏN-drə-SHAY-kər” [ ] (ref [56]).

Conservation of Charge is a “Law of Science” that applies to our earthly realm, but not 
neutron stars or radioactive nuclear decay. Consequently, for physical reactions on 
Earth, total electric charge remains constant in almost all processes. A differential form 
of conservation of charge is (ref [57]):

(  • ∇ J) + 
∂
∂ t

ρ = 0

This equation can be stated in spacetime 4-vector notation allowing conservation of 
charge concepts to be included in Maxwell’s Equations. In charge density & current 
flow, the current density flow vector (J) exiting a volume plus the volumetric charge 
density (ρ) increase are zero. Using a 4-vector notation (ref [21]):

 r⁰ ≡ 𝑐t    &    J𝑐t ≡ J⁰ ≡ 𝑐ρ 

∂β ≡ 
∂

∂ x β  ∈ ( ∂
∂(ct )

, 
∂

∂ x
, 

∂
∂ y

, 
∂

∂ z
) = ( ∂

∂ rct

,∇)

Then,
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 (  • ∇ J) + 
∂
∂ t

ρ = 0       ⇨ (  • ∇ J) + ∂𝑐tJ𝑐t = 0       ⇨ (  • ∇ J) + 
∂

∂ r ⁰
J⁰ = 0      ⇨  ∂βJβ = 0

If coordinate indexes range across 3D space, Latin letters are normally used. If a 4-
vector component is being represented, Greek letters are used per Einstein convention 
(ref [22]). Greek letters that appear twice in a matrix equation are summed over the 
applicable dimensions xβ ∈ (𝑐t, x, y, z).

Energy & Force Definitions

Sometime after Einstein introduced SR in 1905, the public latched on to the most 
popular equation in recent history (ref [58]):

E = m ²𝑐

where energy (E) is the total energy released if all of mass (m) of an object were 
converted to EM radiation. The speed of light ( ) is a proportionality constant derived 𝑐
through SR. The definitions of energy & closely related force will be reviewed to show 
Einstein’s simplification of Maxwell’s Equations.

Force & Acceleration: Borrowing from Isaac Newton (1642 – 1726) & his inverse-
square force law of gravity between two bodies of mass (m  @ ₁ x  & m  @ ₁ ₂ x )₂  (ref [25]), 
Charles-Augustin de Coulomb (1736 – 1806) (refs [26] & [27]) defined & measured the 
electrostatic force between two charges (q  @ ₁ x  & q  @ ₁ ₂ x ) ₂ in 1785 (ref [28]). The force 
is between charges (q ) @ vector location (₁ x₁) & (q ) @ vector location (₂ x₂) separated 
by a distance (r₂₁ = x –₂ x ). ₁ Monsieur Coulomb was a Frenchman, so his name is 
pronounced “KOO-lom” [ ] (ref [29]).

|FNewton| = [G][m m₁ /(₂ r₂1• r₂1)]       |⇨ FCoulomb| = [1/(4𝜋ε₀)][q q /(₁ ₂ r₂1• r₂1)] 

A force (Fobj) is detected if an acceleration (aobj) of an object (obj) with mass (mobj) is 
observed. From Newton’s calculus, acceleration is the time-derivative of velocity (vobj) 
which in turn is the time-derivative of location (xobj). Then, Newton’s   2  nd   Law   of motion is 
(ref [30]):

Fobj = maobj          where      aobj(t) ≡ 
d
d t

 vobj(t) ≡ 
d
d t

 ( 
d
d t

 xobj(t)) = d ²
d t ²

xobj(t) 

If the object moves with no acceleration but constant velocity, then the object can define 
a Galilean inertial reference frame (ref [31]). An important note, the Earth provides 
almost a Galilean inertial reference frame. However, a “Coriolis force” can be detected 
due to the rotation of the Earth (ref [32]). Other Earth accelerations (from orbit around 
Sun & orbit around the Milky Way) are much weaker.
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In convincing 17th century scholars, we are on a moving Earth, Galileo Galilei (1564 – 
1642) (ref [33]) remarked, “When you drop a rock from the mast of a moving ship, the 
rock lands at the base of the mast!” (ref [34]). On the other hand, our latitudinal trade 
wind patterns are affected significantly by the Earth’s rotation (ref [35]) as the winds 
move across its surface. BTW, Signor Galileo was Italian, so his name is pronounced 
“GAL-əh-LAY-oh” [ ] (ref [36]).

Energy & Work: A physicist’s definition of energy (E) & “stored work” is numerically 
well defined / evaluated. This definition may be different from what economists & others 
may define as work. Once a local force field (F(x)) is defined across space, the 
definition of work is also (ref [37]):

Work ≡ ∫F(x)•d  𝓁 = – ΔEP = – [EP(x )₂  – EP(x )]₁

For this application, work is relative to the points (x  &₁  x ). ₂ Also, the work integrand is a 
dot product. Then, if the path of an object is perpendicular to the force (F(x)), then no 
work is performed. When work is positive, the force • path dot product is positive & the 
force from the field performs work releasing potential energy (ΔEP < 0). When work is 
negative, potential energy (ΔEP > 0) is stored in the field & the force has opposed the 
path of motion (ref [38]).

The metric measure of energy is “joule” named after James 
Prescott Joule (ref [39]). Mister Joule was an English brewer (ref 
[40]) & his name is pronounced “JOOL” [ ] (ref [41]). A joule (J) 
unit of energy is obtained by moving an object one meter against 
a constant force of one newton. When a coulomb count of like 
charges is moved across a meter against an EM force of one 
newton, that’s the definition of a volt which is a joule per coulomb, 
a measure of energy per charge (ref [42]).

The public is rarely exposed to the term “joule” (J), using anything 
but this standard metric unit of energy (ref [43]). See the table 
below (siData.pdf). The utility companies use kilowatt-hours (ref 
[44]); architects use British thermal units (Btu’s) (ref [45]); the US 
Food & Drug Administration (FDA) uses calories (ref [46]); the natural gas industry uses 
therms (ref [47]) … anything to make life confusing!

Units of Energy
  conversion  

to joules
weight lifter

exercise energyunits of energy abr application

joule J 1.000 J SI unit 2352 J

calorie cal 4.184 J food 562.1 cal

British thermal unit Btu 1.055 kJ heating 2.229 Btu

kilowatt-hour kWh 3.600 MJ electrical utilities 0.00065 kWh
therm thm 105.5 MJ natural gas 0.00002 thm

Wikipedia.org
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Example – Exercising While Working: In the Earth’s gravitational field near its 
surface, the “g-force” gravitational acceleration constant (about 9.8 m/s² or 32 ft/s²) can 
readily assess work being performed. In a standard metric weight lifting gym, the bar @ 
the bench press (ref [48]) has 20 kilograms (kg) of mass; each large plate is 20 kg each. 
Then, for a standard bench “warm-up” of 10 reps @ 60 kg of mass (about 132 pounds 
weight) for a nominal arm reach of about 0.4 meters (about 16 inches), the work done 
by the fitness enthusiast is (siData.pdf):

Worklifter = −nrep (mg•Δy)

mtotal = [2∗(20 kg
plate )+(20 kg

  bar )] = 60 kg

Worklifter = (10 reps
set )(9.8 m

s2 )(60 kg∗0.4 m
rep )( 1 J s2

1kg m2)( 1kJ
1000 J ) = 2.352 kJ

From the point of his / her medical doctor, the 
fitness enthusiast is doing something worthwhile in 
his / her spare time, exercising. From the 
standpoint of an economist, the fitness enthusiast 
is contributing no work to the US Gross National 
Product (GNP) by exercising @ a gym. To the 
physicist / engineer, the fitness enthusiast has 
most definitely performed about 2.3 kilojoules of 
work. It’s all how one defines work!

Lorentz Force Law: The E & B-fields of Maxwell’s 
Equations denote three-dimensional (3D) electric 
& magnetic vector fields respectively defined for a 
spatial location @ a particular time in a particular environment. These field 3D vectors 
are essentially 3 separate component functions specifying a unique direction & 
magnitude @ each applicable location of interest.

A scalar charge of a particle is a single number describing a property constant of the 
particle. An introduced charge moving through the defined fields experiences a force as 
given by Lorentz Force Law (ref [49]):

F(rt) = qt [E(rt) + vt × B(rt)]

This law calculates an EM force (F) on a particle traveling with velocity (vt) @ location 
(rt) with a charge (qt) experiencing an electric field (E) & magnetic field (B). When 
Hendrik Lorentz proposed his namesake equation in 1895, magnetism seemed an 
inexplicable force. However, in 1905, Albert Einstein showed B-fields to be necessary to 
explain a finite light speed. Furthermore, Maxwell’s Equations, in quantifying classical 
magnetism, were correct.
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Maxwell’s Equations

The four Maxwell’s Equations are heavy into calculus notations (ref [59]) that cannot be 
described as simple Greek letters. The symbols to be encountered fall within the area of 
math labeled multi-variable calculus (ref [60]). However, given a well-defined set of 
static & moving charge distributions, the four equations give requirements to formulate 
E & B-fields to evaluate the motion of “test” charges moving within the fields.

Along with the Lorentz Force equation, Maxwell’s equations define Classical 
Electromagnetism. These equations govern almost all behavior of charged particles in 
our macroscopic world. The Classical realm ends on the scale of atoms (nanometers = 
10 ⁹ meters) with Quantum effects using Planck’s Constant (⁻ ℎ) (ref [5]).

MKSA Units of Measure: MKSA (meter / kilogram / second / amp) units are contained 
in the EM conversion constants, (ε₀) & (μ₀), cited below. Electric permittivity (ε₀) relates 
electric charge densities (ρ) & electric (E) fields. The magnetic permeability (μ₀) relates 
electric current densities (J) & magnetic (B) fields in a vacuum. Due to EM properties:

ε  μ  = 1/₀ ₀ 𝑐²

Constants of proportionality in a vacuum are (siData.pdf, ref [16]):

SI Constants of Electromagnetism (MKSA)
sym set value SI units label

𝑐 299792458 meter/second speed of light (exact)

e 1.602176634×10 ¹⁹⁻  coulomb elementary charge (exact)

ε₀ 8.854187… x 10 ¹²⁻ farad/meter electric permittivity

μ₀ 4 ×10 ⁷𝜋 ⁻ henry/meter magnetic permeability (exact)
Wikipedia.org

The form of Maxwell’s Equations discussed herein use MKSA in a vacuum, exclusively. 
Historical dipole approximations of Maxwell’s Equations within dielectric & magnetic 
media are given here (eduDipole.pdf).

4-Vector Maxwell’s Equations: Maxwell’s Equations can be put in SR 4-vector form 
also. Without further a due, the four equations are (refs [61] & [62] & [63]):

3-vector form 4-vector form

1)  • ∇ E = ρ/ε₀  • ∇ E/𝑐 = μ₀J𝑐t

2)  • ∇ B = 0  • ∇ B = 0

3)  × ∇ E = − 
∂
∂ t

B  × ∇ E/𝑐 + ∂𝑐tB = 0

4) ∇ × B = μ₀J + 
1
c ²

∂
∂ t

E ∇ × B − (∂𝑐tE)/𝑐 = μ₀J
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The four new symbols (ref [64]) in the above equations are the symbols (∂) (∫) (∇•) 
(∇×).

Calculus Symbols  (∂)  (∫)  (∇)  ( •∇ )  ( ×∇ ):  When several independent variables are in 
a function, the partial derivative term (∂/∂t) indicates that the derivative should be 
performed with the independent denominator time (t), keeping other independent 
variables (spatial x, y, z) constant (ref [65]). In Maxwell’s Equations, the partial with 
respect to (wrt) time (t) indicates the last two Maxwell Equations relate E or B-field 
changes in time to B or E-field changes in space, respectively. 

When an integration (∫) is performed, a function is found whose derivative equals the 
integrand (anti-differentiation). Finding the integral is also a summation of the integrand 
over the area of interest (ref [66]).

The gradient ( ) ∇ of a potential is a vector operator on a scalar & measures the spatial 
change or “steepness” of the potential @ location (x) (ref [67]). An analogy of flowing 
water downhill is applicable (ref [68]). A river flows slowly near a flat coastal plane with 
little slope verses a fast waterfall on a steep mountain side with great slope. If the 
potential’s gradient is “very steep” (@ xsteep), then the resultant electric field will be 
strong because charge density is high near (xsteep). A test charge (qt(xsteep)) will 
experience a greater force (F(xsteep) = qt E(xsteep)) & accelerate faster (at(xsteep) = 
F(xsteep)/mt). 

The dot product divergence ( •∇ ) term performs math calculations on a vector field that 
give the slope or gradient of a 3-Dimensional field in space (ref [69]). This operation 
results in a scalar that denotes sources or sinks of spatial change in a vector field.

The cross product curl ( ×∇ ) term of a vector field performs matrix calculus on a vector 
field to estimate the location’s infinitesimal rotation (ref [70]). This operation results in a 
vector that denotes the rotation axis & magnitude in a vector field. The curl of a vector 
measures for each dimensional component the spatial change or “steepness” of the 
potential (A(x)) @ location (x). In addition, because a matrix cross product is 
incorporated into the curl definition, the slope or “steepness” is expressed in a vector @ 
a right angle to the averaged current density flow (J(x)) incorporated in the (A(x)) 
evaluation.

Energy within EM Potentials

An energy potential exists in a nearby configuration of charges & electric currents. 
Defining small changes in this energy potential due to a test charge trajectory aids in 
defining an EM field in the empty space near the charge / current assembly.

Φ(x) - Electric Scalar Potential: A local E-field is based on the electric potential of the 
nearby charge configuration at hand. The Electric Potential (Φ(x)) is essentially the 
summation of stored energy of the source charges causing the E-field (ref [21]). Then, 
the integral potential whose derivative is the E-field between charges (q  & q ) is taken ₁ ₂
directly from Coulomb’s Law (ref [71]):
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FCoulomb = ( q1 q2

4 π ϵ 0
)((x2−x1)

|x2−x1|
3) = ( q1 q2

4 π ϵ 0
)( n̂21

|x2−x1|
2)

with unit vector (n̂ ₂₁) defined as

n̂ ₂₁ ≡  
(x2−x1)
|x2−x1|

   &   |x₂−x₁| ≡ [(x₂−x₁)•(x₂−x₁)]½

The electric force (F (₁ x)) @ (x = x )₂  on charge q  @ ₂ x from charge q₁ @ x₁ is:

F (₁ x) = q (₂ x) ( q1

4 π ϵ 0
)((x−x1)

|x−x1|
3)

Using vector calculus (ref [72]):

((x−x1)

|x−x1|
3) = −∇ ( 1

|x−x1|)    ⇨ F (₁ x) = −q (₂ x) ∇ ( q1

4 π ϵ 0
)( 1

|x−x1|) = −q (₂ x) ∇Φ (₁ x) 

Φ (₁ x) ≡ ( q1

4 π ϵ 0
)( 1

|x−x1|) + Φ    with   ₀ ∇Φ  ≡ 0     Φ  = Constant₀ ₀⇨

The constant of integration is included as (Φ ). In differential calculus, the derivative ₀
(change) of a constant is always zero. Designating a test charge (qt = q ) @ ₂ x (ref [21]):

 E (₁ x) =  F (₁ x)/qt = ( q1

4 π ϵ 0
)((x−x1)

|x−x1|
3)

For (n) count charges (q𝒾 @ x𝒾):

 En(x) = − ∇ ∑
i=1

n

( 1
4 π ϵ 0

)( qi

|x−xi|)       Φ⇨ n(x) ≡ ∑
i=1

n

( 1
4 π ϵ 0

)( qi

|x−xi|) + Φ₀

The electric potential (Φn(x)) evaluates the “Work” required to assemble the proximate 
(n) count of charges (q𝒾) from far away. The overall constant of integration (Φ ) can be ₀
adjusted to properly assess this “Work”. A discrete summation can be transformed into 
a continuous integral of charge density (ρ(x’)) over volume (V) for macro scale 
applications (ref [21]):

Φ(x) ≡ ( 1
4 π ϵ 0

)∫
V
( ρ(x ' )
|x−x '|) d³x’ + Φ       ₀ ⇨ E(x) = − ∇Φ(x) 

The electric potential (Φ(x)) evaluates the stored energy per charge (volts - 
joules/coulomb) of the EM charge distribution (ρ(x’)) within a volume (V) (ref [21]).
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A(x) - Magnetic Vector Potential: From 1st principals, a line current (I) creates a 
magnetic field (B), through which a nearby “test” charged particle (qt) will experience a 
magnetic force (ref [21]). The current is defined as electrons moving through a 
conductor of almost immobile equally charge protons making the net static charge of a 
wire carrying current zero. By sign convention (ref [73]), negative electrons comprise a 
current that flows from a negative pole to a positive pole. However, the current density 
(J(x)) points in the opposite direction.

Electron − Proton − Neutron Comparison
label electron proton neutron

Particle type Lepton Hadron Hadron
Magnetic spin +½ +½ -½
Charge (zC = 10 ²¹ C)⁻ -160.2 160.2 0
Charge (units of ±  e  ) (-1 e) (+⅔ e)(+⅔ e)(-⅓ e) (+⅔ e)(-⅓ e)(-⅓ e)
Valence Quark types n/a up up down up down down
# of Valence Quarks 0 3 3
Mass per melectron 1 1836 1839
Radius (fm = 10 ¹⁵ m)⁻ ∼0 (point) 0.88 0.8

Wikipedia.org

Basic proton (ref [74]) / neutron (ref [75]) / electron (ref [76]) differences are given in the 
above table. The positively charge protons & neutrally charged neutrons are about 
equal in mass, much heavier than the electrons & bound in the nucleus of the 
conductor’s atoms. The subatomic particles are simply not “equal but opposite” charged 
particles.

The electrons are almost 
point particles, but nucleons 
have a finite radius. An artistic 
rendition of a proton is 
depicted to the right (ref [77], 
siData.pdf). A valence down 
quark along with 2 valence up 
quarks are shown within a 
proton held together by 
gluons.

Negative electrons are very 
dynamic among near static 
protons that are 1836 times 
more massive. Still, the 
conductor is essentially neutral before & during current flow. A magnetic field occurs 
because of the detected length contraction in moving electron density due to SR effects 
from the perspective of a stationary observer (ref [78]).
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Similar to charges (qi(x)) consolidating into charge density (ρ(x)), moving charges (qivi) 
can be consolidated into current density (J(x)) (ref [21]).

A(x) ≡ 
μ0

4 π
∫
V

J (x ' )
|x−x '|

 d³x’      ⇨ B =  × ∇ A

The 3D magnetic vector potential (A(x)) can be considered three scalar potentials for 
the three components of the current density vector integration. The function (A(x)) 
evaluates the stored energy per unit charge per unit speed (volts•seconds/meter − 
joules/coulomb•seconds/meter) of the EM current distribution in vector form within the 
volume (V) of interest.

EM Potential 4-Vector: The B-field expressions are repeated here for reference. The 
retarded time (t’) evaluating the 4-vector potential (ref [79]) is given by (ref [80]):

t’ = t − |r − r’|/𝑐

The retarded time (t’) gives the time when the field actually began to propagate in 
evaluating the potentials (Aβ).

In this article, the fields are derived from static scalar EM charge distributions in a given 
locale. For time-dependent analyses, this analysis only considers electric current 
density (J) where electrons travel in a conductor lattice of near stationary protons. In 
current density applications, the net charge is zero. To express a time dependent E-field 
defined by scalar & vector potentials, from Maxwell’s 3  rd   Law  , a time varying E-field is:

 × ∇ E = − 
∂
∂ t

B     ⇨    × ∇ E = − 
∂
∂ t

(  × ∇ A)     ⇨    × ∇ E = −  × ∇ ∂
∂ t

A

 From vector calculus (ref [72]):    ×∇  (  ∇ Φ) = 0

 × ∇ E = −  × ∇ ∂
∂ t

A −  ×∇  (  ∇ Φ)    ⇨   × ∇ E =  × ∇ (− 
∂
∂ t

A −  ∇ Φ)

E = − (∇ Φ + 
∂
∂ t

 A)   &   B =  × ∇ A

With:    ε  μ  = 1/₀ ₀ 𝑐²   &   J t𝑐  ≡ ρ,𝑐

Φ(x, t)/𝑐 ≡  ( 1

4 π ϵ 0 c2)∫V (
c ρ(x ' , t ' )
|x−x '| ) d³x’  =  

μ0

4 π
∫
V

J ct (x ' , t ' )
|x−x '|

 d³x’ 

Define:

A t𝑐 (x, t) ≡ − Φ(x, t)/𝑐 

With the Electric & Magnetic Vector Potential definitions:

A t𝑐 (x, t) ≡ 
μ0

4 π
∫
V

J ct (x ' , t ' )
|x−x '|

 d³x’   &   A(x, t) ≡ 
μ0

4 π
∫
V

J (x ' , t ' )
|x−x '|

 d³x’
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E/𝑐 =  ∇ A t 𝑐 − 
∂

∂ rct

 A   &   B =  × ∇ A

The 4-vector EM potential is:

Aβ (x, t) ≡ 
μ0

4 π∫V
J β(x ' , t ' )
|x−x '|

 d³x’ 

Summary of 4-Vectors

In SR, Einstein proposed 4-vectors in a 4-dimensional (4D) orthogonal time-space (ref 
[81]) whereby the delta of time-squared minus distance-squared is conserved 
independent of reference frame speed and / or orientation:

3D inner product:        constant = r² = rx² + ry² + rz² 
4D inner product:        constant = ( t)² −𝑐  r² = ( t)² −𝑐  rx² − ry² − rz² 

A typical 3D Cartesian space with 3 perpendicular axes 
is termed “orthogonal” under its defined “inner product” of 
a vector dot product:

(va ▪ vb) = |va||vb|cos(θ).

An “orthonormal” basis mandates that unit vectors (î, ĵ, k̂ ) 
have lengths of unity:

î ▪ î = |î| = 1     ĵ ▪ ĵ = |ĵ| = 1    k̂  ▪ k̂   = |k̂ | = 1

Then, the “inner product” of unit vectors is unity with 
themselves & zero with other basis unit vectors in 
a 3D vector space (ref [82]).

î ▪ î = ĵ ▪ ĵ  = k̂  ▪ k̂   = cos(0º)   = 1
î ▪ ĵ = ĵ ▪ k̂  = k̂  ▪ î  = cos(90º) = 0

The Lorentz transformation extends a 3D space 
orthonormal basis to a 4D time-space 
orthonormal basis (ê₀, ê₁, ê₂, ê₃). Then,

ê₀ ▪ ê  ₀ = ê₁ ▪ ê₁ = ê₂ ▪ ê₂ = ê₃ ▪ ê₃ = cos(0º) = 1
ê₀ ▪ ê  ₁ = ê₀ ▪ ê  ₂ = ê₀ ▪ ê₃ = cos(90º) = 0
ê₁ ▪ ê₂ = ê₁ ▪ ê₃ = ê₂ ▪ ê₃ = cos(90º) = 0

Contravariant & Covariant Vectors: The minus signs defined in the “inner product” of 
Minkowski space are taken into account with two variations of 4-vectors (contravariant & 
covariant) (ref [83]).
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Contravariant vs. Covariant 4-Vectors
sym label index definition form

 xβ covariant
Greek 

subscript 
(𝑐t, -r) = (r𝑐t, -rx, -ry, -rz) row vector (4,1)

 xβ contra 
variant

Greek 
superscript 

(𝑐t, r) = (r𝑐t, rx, ry, rz) column vector (1,4)

Wikipedia.org

The inner product of a 4-vector is denoted by a (covariant•contravariant) dot product 
(matrix algebra: row × column operation):

xβ xβ = x t𝑐 ² − xx² − xy² − xz² 

Contravariant 4-vectors are akin to 3D vectors & have NO sign change. Covariant 4-
vectors carry the Minkowski space sign change on the spatial 3D vector. For Einstein’s 
field tensor notation & a test charge @ time (t) & position (r) with mass (m) & velocity 
(u), the following variables & Lorentz invariant 4-vectors are defined (ref [18]):

SR 3-Vectors Modification Equations
sym expression SI units label

 𝛾u ≡ 1/√1− u²/ ²𝑐 (-) Lorentz factor

E ≡ 𝛾um ² ≈ 𝑐 m ² + ½𝑐 mu² + ⋯ (J) total energy

p ≡ 𝛾u m u (kg•m/s) 3D-momentum

Aβ ≡
μ0

4 π
∫
V

J β(x ' , t ' )
|x−x '|

 d³x’ (T•m) EM four-potential

Wikipedia.org

SR Contravariant & Covariant  4-Vectors
4-vector +3-vector SI units label

contravariant

xβ  ∈ ( r𝑐t, rx, ry, rz) = (𝑐t, r ) (m) four-position

pβ  ∈ ( E/𝑐, px, py, pz) = (E/ , 𝑐 p ) (kg•m/s) four-momentum

Jβ ∈ ( J𝑐t, Jx, Jy, Jz) = (𝑐ρ, J ) (A/m²) four-current

Aβ  ∈ ( A𝑐t, Ax, Ay, Az) = (−Φ/ , 𝑐 A ) (T•m) EM four-potential
covariant  (+- - -)

xβ  ∈ (r𝑐t, -rx, -ry, -rz) = (𝑐t, -r ) (m) four-position
pβ  ∈ (E/𝑐, -px, -py, -pz) = (E/ , -𝑐 p ) (kg•m/s) four-momentum

Jβ ∈ (J𝑐t, -Jx, -Jy, -Jz) = ( ρ,𝑐  -J ) (A/m²) four-current

Aβ  ∈ (A𝑐t, -Ax, -Ay, -Az) = (-Φ/ , -𝑐 A ) (T•m) EM four-potential

Wikipedia.org

The 3D space coordinates are orthogonal due to the Pythagorean Theorem. The 4th 
dimension of time has boost transformations with a change in constant speed across 
reference frames. An added constraint in Lorentz transformations is that boost speeds 
(v) cannot exceed the speed of light (v < 𝑐) (ref [23]).
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Differential Operators: Due to their function, differential operators express Minkowski 
space different from 4-vectors (ref [21]).

Covariant differential operators (∂β) act on contravariant vectors (∂βxβ) & do not change 
sign.

∂β ≡ 
∂

∂ x β     ⇨  ∂β ∈ ( ∂
∂(ct )

, 
∂

∂ x
, 

∂
∂ y

, 
∂

∂ z
) = ( ∂

∂ rct

,∇) (1/m) 

Contravariant differential operators (∂β)  act on covariant vectors (∂βxβ) & carry a sign 
change.

∂β ≡ 
∂

∂ xβ

    ⇨  ∂β ∈ ( ∂
∂(ct )

, − 
∂

∂ x
, − 

∂
∂ y

, − 
∂

∂ z
) = ( ∂

∂rct

,−∇) (1/m)

Direct & Dual Field Tensors

Maxwell’s Equations 1 & 4 ⮞ Direct Field Tensor: To express the inhomogeneous 
Maxwell’s Equations using field tensors, charge distributions are expressed using the 
above index notation. From Maxwell’s Equations 1 & 4 with the charge continuity 
equation:

E/𝑐 = −  
∂

∂ rct

 A + ∇A t𝑐 ⇨
Ex /𝑐 = F¹⁰ = − (F⁰¹ = ∂𝑐t Ax + ∂x Φ/𝑐) = − (F⁰¹ = ∂𝑐t Ax − ∂x A t𝑐 )
Ey /𝑐 = F²⁰ = − (F⁰² = ∂𝑐t Ay + ∂y Φ/𝑐) = − (F⁰² = ∂𝑐t Ay − ∂y A t𝑐 ) 
Ez /  𝑐 = F³⁰ = − (F⁰³ = ∂𝑐t Az + ∂z Φ/𝑐) = − (F⁰³ = ∂𝑐t Az − ∂z A t𝑐 )

B =  × ∇ A ⇨
F³² = − (Bx = F²³ = ∂y Az − ∂z Ay)
By = F³¹ = − (F¹³ = ∂x Az − ∂z Ax)
F²¹ = − (Bz = F¹² = ∂x Ay − ∂y Ax)

Using 4-vector indices:

E/𝑐 = ∇A t 𝑐 −  
∂

∂ rct

 A ⇨
Ex /𝑐 = F⁰¹ = − (F¹⁰ = ∂₁ A⁰ − ∂₀ A¹)
Ey /𝑐 = F⁰² = − (F²⁰ = ∂₂ A⁰ − ∂₀ A²) 
Ez /  𝑐 = F⁰³ = − (F³⁰ = ∂₃ A⁰ − ∂₀ A³)

B =  × ∇ A ⇨
F³² = − (Bx = F²³ = ∂₂ A³ − ∂₃ A²)
By = F³¹ = − (F¹³ = ∂₁ A³ − ∂₃ A¹)
F²¹ = − (Bz = F¹² = ∂₁ A² − ∂₂ A¹)

Coordinate indexes define the field tensor placement (Fαβ) from components of 
Maxwell’s Equations 1 & 4. The direct anti-symmetric field-strength tensor is:

FE
αβ ≡ ∂αAβ − ∂βAα
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FE
αβ = 

0 ∂𝑐t  Ax − ∂x A t𝑐 ∂𝑐t Ay − ∂y A t𝑐 ∂𝑐t Az − ∂z A t𝑐

∂x A t𝑐  − ∂𝑐t Ax 0 ∂y Ax − ∂x Ay ∂x Az − ∂z Ax 

∂y A t𝑐  − ∂𝑐t Ay ∂x Ay − ∂y Ax 0 ∂z Ay − ∂y Az

∂z A t𝑐  − ∂𝑐t Az ∂z Ax − ∂x Az ∂y Az − ∂z Ay 0

FE
αβ = 

0 − Ex /𝑐 − Ey /𝑐 − Ez /𝑐
Ex /𝑐 0 − Bz By 

Ey /𝑐 Bz 0 − Bx 

Ez /𝑐 − By Bx 0

The above tensor is “anti-symmetric” because it’s negative symmetric about its zero-
diagonal. The 1st & 4th Maxwell Equations are termed “inhomogeneous” because of the 
non-zero charge & current density terms on the right side of the equations.

1st)  • ∇ E/𝑐 = μ ( ρ)₀ 𝑐 ⇨ (∂x Ex+ ∂y Ey+ ∂z Ez)/𝑐 = μ J₀ t𝑐

4th)  × ∇ B − ∂ t𝑐E/𝑐 = μ₀J ⇨

(∂y Bz − ∂z By) − ∂ t 𝑐 Ex /𝑐 = μ J₀ x

(∂z Bx − ∂x Bz) − ∂ t 𝑐 Ey /𝑐 = μ J₀ y

(∂x By − ∂y Bx) − ∂ t𝑐Ez /𝑐 = μ J₀ z

All components of Maxwell’s Equations 1 & 4 can be expressed in a compact form (ref 
[21]):

∂αFE
βγ − ∂βFE

αγ = μ J₀ γ

Equations 2 & 3 ⮞ Dual Field Tensor: By convention, electron electric & magnetic 
properties are chosen to be (qe = (-e)) & (qm = 0). Protons then have properties (qe = 
(+e)) & (qm = 0). Likewise, a valid inverted field tensor is defined with a transformation E 
& B-field conversions (ref [21]). Here (qm = (-e)) & (qe = 0). Recall the field-strength 
tensor (FE) just derived:

FE
αβ = 

0 − Ex /𝑐 − Ey /𝑐 − Ez /𝑐
Ex /𝑐 0 − Bz By 

Ey /𝑐 Bz 0 − Bx 

Ez /𝑐 − By Bx 0

E/𝑐 ⮞ B   &   B ⮞ (−E/𝑐)       (⇨ E  𝒾 /𝑐) ⮞ B𝒾   &   B𝒾 ⮞ (−E  𝒾 /𝑐)

Making the required substitutions, the anti-symmetric dual tensor (FB) is:

FB
αβ = 

0 − Bx − By − Bz 

Bx 0 Ez /𝑐 − Ey /𝑐
By − Ez /𝑐 0 Ex /𝑐 
Bz Ey /𝑐 − Ex /𝑐 0
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The 2nd & 3rd Maxwell Equations are termed “homogeneous” because of the zero scalar 
on the right side of the equations.

2nd)  • ∇ B = 0 ⇨ ∂x Bx+ ∂y By+ ∂z Bz = 0

3rd)  × ∇ E/c + ∂ t𝑐B = 0 ⇨

(∂y Ez − ∂z Ey) /  + ∂𝑐 t 𝑐 Bx = 0

(∂z Ex − ∂x Ez) /  + ∂𝑐 t 𝑐 By = 0

(∂x Ey − ∂y Ex) /  + ∂𝑐 t 𝑐 Bz = 0

All components of Maxwell’s Equations 2 & 3 can be expressed in a compact form (ref 
[21]):

∂αFB
βγ − ∂βFB

αγ = 0

MKSA Constants & Metrics for EM: The following data uses MKSA (meter / kilogram / 
second / amp) units of measure (ref [16]) to describe EM phenomena in a vacuum 
(siData.pdf):
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MKSA Derived Units for Classical Electromagnetism (EM) 
EM constant sym value SI units of measure set value

speed of light 𝑐 exact meter/second m/s 299792458

elementary charge e exact coulomb A•s 1.602176634×10 ¹⁹⁻  

electric permittivity ε₀ [1/(μ₀𝑐²)] farad/meter A²/N/(m/s)² 8.854187…×10 ¹²⁻
magnetic permeability μ₀ [4 ×10 ⁷⁻𝜋 ] henry/meter N/A² 1.256637…×10 ⁶⁻
pi 𝜋 constant − 3.141592…
kinematic property sym scalar/vector SI units of measure defining equation

time t scalar second s −

position x vector meter m −

velocity v vector meter/second m/s v ≡ dx/dt

retarded time t’ scalar second s t’ ≡ t − |x − x’|/𝑐
EM property of matter

charge density ρ scalar coulomb/meter³ A•s/m³ −

current density J vector ampere/meter² A/m² −

electric charge q scalar coulomb A•s q(t) ≡ ∭ (𝜌 x’,t’) d³x’

electric current I scalar ampere A I(t) ≡ ∬(J(x’,t’) ▪ n̂ s) ds
EM field property

electric potential Φ scalar volts N/A•m/s Φ(x,t) ≡ 
1

4 π ϵ 0
∭ ρ(x ' , t ' )

|x−x '|
 d³x’+Φ₀

magnetic potential A vector tesla•meter N/A A(x,t) ≡ 
μ0

4 π
∭ J (x ' , t ' )

|x−x '|
 d³x’

electric field E vector volt/meter N/A/s E(x,t) ≡ −[∇Φ(x,t) + 
∂
∂ t

A(x,t)]

magnetic field B vector tesla N/A/m B(x,t) ≡  × ∇ A(x,t)

Lorentz force F vector newton N F(x,t) = q(x,t) [E(x,t) + vq × B(x,t)]
Wikipedia.org

Summary

The key to Maxwell’s Equations simplification, was Einstein’s observation that the light 
speed-time product (𝑐t) is another dimension of space (x, y, z) in a new 4-vector space-
time (𝑐t, x, y, z). The incorporation of time in space-time coordinates of Maxwell’s 4 
Equations is straight forward. The Lorentz Law is then applied to a “test” charge @ 
location (rt) affected by derived E & B-fields (ref [21]):

F(rt) = qt [E(rt) + vt  × B(rt)]

First, the 4-vector potential describing local 4-vector current densities is formulated as:

t’ = t − |x − x’|/𝑐   &   Jβ = (𝑐ρ, Jx, Jy, Jz)    &   Aβ = (A t𝑐 , Ax, Ay, Az)
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A𝑐t(x, t) ≡ − 
μ0

4 π
∫
V

J ct (x ' , t ' )
|x−x '|

 d³x’   &   A(x, t) ≡ 
μ0

4 π∫V
J (x ' , t ' )
|x−x '|

 d³x’

with E & B-field definitions: 

E/𝑐 ≡ ∇ A t𝑐  − 
∂

∂(ct )
A   &   B ≡  × ∇ A

Field-strength tensors using E & B-fields are given by the formulas evaluated from the 
4-vector potential (ref [21]):

FE
αβ ≡ ∂αAβ − ∂βAα 

FE
αβ = 

0 − Ex /𝑐 − Ey /𝑐 − Ez /𝑐
Ex /𝑐 0 − Bz By 

Ey /𝑐 Bz 0 − Bx 

Ez /𝑐 − By Bx 0

E/𝑐  ⮞  B   &   B    (⮞ −E/𝑐)

FB
αβ = 

0 − Bx − By − Bz 

Bx 0 Ez /𝑐 − Ey /𝑐
By − Ez /𝑐 0 Ex /𝑐
Bz Ey /𝑐 − Ex /𝑐 0

The two-step process for evaluating E & B-fields was derived from the anti-symmetric 
direct (FE) or dual (FB) field-strength tensors in 1st & 4th inhomogeneous or 2nd & 3rd 
homogeneous empirical Maxwell’s Equations. These 4 equations were simplified to the 
vector component forms (ref [21]):

∂αFE
βγ − ∂βFE

αγ =  μ J₀ γ     &     ∂αFB
βγ − ∂βFB

αγ = 0

Problem Solved!

Two great synthesis of knowledge have occurred in Classical Physics (ref [84]). One 
synthesis is outlined here, where one looks at the 4 Maxwell’s Equations & can’t begin 
to see an underlying theme that Nature is trying to achieve. The key is:

1) clocks run at different rates.
2) time is another dimension (albeit unique) in space-time.

Thereby, Nature keeps the measurement of light speed ( )𝑐  constant throughout the 
Universe. These ideas consolidate Maxwell’s Equations. Thank you Albert Einstein! J.C. 
Maxwell derived his equations linking E & B-fields in the 1800’s. Gauge Theory has 
further explained Maxwell’s Equations & the field-tensors which they encompass (ref 
[85]).
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The second great synthesis occurred at the dawn of Classical Physics (ref [84]), when 
Johannes Kepler (1571 – 1630) proposed his bizarre 3 Laws of Planetary Motion (ref 
[86]). With experiments (ref [87]) from Galileo Galilei (1564 – 1642), Isaac Newton 
(1642 – 1726) invented Calculus (ref [88]) to explain why the planets move in their 
Kepler described orbits. That amazing accomplishment is explained elsewhere (ref 
[89]).

Although physicists may say there are many, in my opinion, the present “can of worms” 
in Physics is Quantum Theory (ref [5]). This field of modern Physics is waiting for an 
Einstein, someone remarked “it may take two”, to figure out just what the hell Nature is 
trying to do with all of Quantum Theory’s bizarre rules & laws. In 1912, Albert Einstein 
observed (ref [90]), 

“The more success the Quantum Theory has, the sillier it looks." 

Nevertheless, Quantum Theory investigates Nature on an atomic scale & has had 
many, many successes since 1912.

References

[1] Wikipedia.org, James Clerk Maxwell, 2022.
[2] Wikipedia.org, Albert Einstein, 2022.
[3] Khan Academy, Course in Special Relativity, 2022.
[4] Wikipedia.org, Max Planck, 2022.
[5] George, Everett, Idea Contributions, Quanta Elucidates Spectral Radiation, 2024.
[6] Famous Scientists, Max Planck: Quantum Ideas, 2022.
[7] Wikipedia.org, Hendrik A. Lorentz, 2023.
[8] Lavenda, David, Fast Company, Why Great Ideas Come In Pairs, 2012.
[9] Wiktionary.org, Gottfried Liebniz, 2025.
[10] Martin, Howard, Libre Texts, Einstein's 2 Postulates of Special Relativity, 2020.
[11] Fowler, Michael, PhD, U of Virginia, The Michelson-Morley Experiment, 2000.
[12] Jitchotvisut, Janaki, Business Insider, 5 of Einstein's Thought Experiments, 2022.
[13] Silverman, Jacob, How Stuff Works, Newton’s Principia, 2021.
[14] Pasachoff , Jay M, The ΦΒK Society, KeyReporter.org, Einstein on Einstein, 2020.
[15] Tillman, Nola T, et al, Space.com, Einstein's Theory of General Relativity, 2022.
[16] National Institute of Standards & Technology (NIST), Physical Constants, 2023.
[17] Van Dommelen, Leon, FSU, Lorentz Transformation, 2018.
[18] Wikipedia.org, four-vector, 2026.
[19] Members, Institute of Physics, London, UK, 2022.
[20] MathWorld, Wolfram, Minkowski Metric, 2022.
[21] Jackson, John David, PhD, Classical Electrodynamics, 3rd Ed, Wiley, 1998. 
[22]Wikipedia.org, Einstein Notation, 2026.
[23]Wikipedia.org, Lorentz Boost, 2026.
[24] Khan Academy, Matrix Algebra Review, 2022.
[25] Khan Academy, Newton's Law of Gravitational Force, 2022. 
[26] Wikipedia.org, Charles-Augustin de Coulomb, 2022.
[27] Joseph, Kathy, KathyLovesPhysics.com, Charles Coulomb Biography, 2020.

19

https://kathylovesphysics.com/charles-coulomb-biography/
https://en.wikipedia.org/wiki/Charles-Augustin_de_Coulomb
https://www.khanacademy.org/science/in-in-class11th-physics/in-in-phy-gravitation/in-in-gravity-newtonian/a/newtons-law-of-gravitation-ap1
https://www.khanacademy.org/math/algebra-home/alg-matrices
https://en.wikipedia.org/wiki/Lorentz_transformation#boost
https://en.wikipedia.org/wiki/Einstein_notation
https://www.amazon.com/Classical-Electrodynamics-Third-David-Jackson/dp/047130932X/
https://mathworld.wolfram.com/MinkowskiMetric.html
https://www.iop.org/
https://en.wikipedia.org/wiki/Four-vector
https://eng-web1.eng.famu.fsu.edu/~dommelen/quantum/style_a/sprellt.html
https://physics.nist.gov/cuu/Constants/index.html
https://www.space.com/17661-theory-general-relativity.html
https://www.keyreporter.org/book-reviews/2020/einstein-on-einstein-autobiographical-and-scientific-reflections/
https://science.howstuffworks.com/dictionary/famous-scientists/physicists/isaac-newton4.htm
https://www.businessinsider.in/science/5-of-albert-einsteins-thought-experiments-that-revolutionized-science/slidelist/53418646.cms
https://galileoandeinstein.phys.virginia.edu/lectures/michelson.html
https://phys.libretexts.org/Bookshelves/University_Physics/Book%3A_Introductory_Physics_-_Building_Models_to_Describe_Our_World_(Martin_Neary_Rinaldo_and_Woodman)/24%3A_The_Theory_of_Special_Relativity/24.02%3A_Einstein%E2%80%99s_postulates
https://en.wiktionary.org/wiki/Leibniz
https://www.fastcompany.com/1835611/why-great-ideas-come-pairs
https://en.wikipedia.org/wiki/Hendrik_Lorentz
https://www.famousscientists.org/max-planck/
https://www.jefgeorge.com/rpt/eduPlanck.pdf
https://en.wikipedia.org/wiki/Max_Planck
https://www.khanacademy.org/science/physics/special-relativity
https://en.wikipedia.org/wiki/Albert_Einstein
https://en.wikipedia.org/wiki/James_Clerk_Maxwell
https://www.jefgeorge.com/rpt/eduELimits.pdf
https://www.jefgeorge.com/rpt/eduNewton.pdf


[28] Electrical 4 U, Coulomb’s Force Law, 2020.
[29] Pronunciation Guide, YouTube.com, Pronounce Coulomb, 2023.
[30] Libre Text, Newton's 2nd Law of Motion (F=ma), 2022.
[31] Cline, Douglas, PhD, Libre Text, Inertial Reference Frames, 2021.
[32] Cline, Douglas, PhD, Libre Text, Coriolis Force, 2021.
[33] Wikipedia.org, Galileo Galilei, 2025.
[34] Wikipedia.org, Galileo's Ship Experiment, 2022.
[35] Byju’s Learning, Trade Winds & the Coriolis Effect, 2022.
[36] HowToPronounce.com, Galileo Galilei (Italian), 2025.
[37] Khan Academy, Work & Energy defined, 2022.
[38] Halliday, David, et al, Principles of Physics, 11th Ed, Wiley, 2020.
[39] Wikipedia.org, James Prescott Joule, 2023.
[40] Joseph, Kathy, KathyLovesPhysics.com, James Joule Biography, 2021.
[41] Pronunciation Guide, YouTube.com, Pronounce Joule, 2023.
[42] Khan Academy, Standard Electrical Units, 2022.
[43] Rapid Tables, Online Comprehensive Units Conversion Calculator
[44] Evans, Paul, the Engineering Mindset, kiloWatt-hours Explained, 2019.
[45] Green, Aaron, Essential Home & Garden, British Thermal Units (BTU), 2022.
[46] US Food & Drug Administration, What are Calories?, 2020.
[47] Wikipedia.org, Therm, 2026.
[48] ShutterStock.com, image# 2164370805, 2024.
[49] Wikipedia.org, Lorentz Force Law, 2022.
[50] Wikipedia.org, Free Neutron Decay, 2025.
[51] Wikipedia.org, Chandrasekhar Limit, 2026.
[52] Energy.gov, DOE Explains Neutron Stars, 2025.
[53] Wikipedia.org, Stellar Black Holes, 2026.
[54] National Science Foundation (nsf.gov), Black Holes, 2026.
[55] Wikipedia,org, Subrahmanyan Chandrasekhar, 2026.
[56] Forvo.com, Pronounce Chandrasekhar, 2026.
[57] Byju’s Learning, Derivation of the Continuity Equation, 2022.
[58] Wikipedia.org, Mass-Energy Equivalence, 2026.
[59] Hot Symbols, Extended Unicode Math Symbols, 2021.
[60] Khan Academy, Multivariable Calculus, 2023.
[61] Collegedunia, Maxwell's Equations - Derivations & Integral Form, 2022
[62] Vedantu – Physics, Maxwell's Equations, 2022.
[63] Wikipedia.org, Maxwell's Equations, 2022.
[64] Hot Symbols, Extended Unicode Math Symbols, 2021.
[65] MathWorld, Wolfram, Partial Derivative (Math), 2023.
[66] MathWorld, Wolfram, Integral (Math), 2023.
[67] MathWorld, Wolfram, Gradient (Math), 2023.
[68] Amigo Energy, Potential & Kinetic Energy explained, 2023.
[69] MathWorld, Wolfram, Divergence Theorem (Math), 2023.
[70] MathWorld, Wolfram, Curl Theorem (Math), 2023.
[71] Wikipedia.org, Coulomb's Law, 2025.

20

https://en.wikipedia.org/wiki/Coulomb's_law
https://mathworld.wolfram.com/CurlTheorem.html
https://mathworld.wolfram.com/DivergenceTheorem.html
https://amigoenergy.com/blog/potential-and-kinetic-energy-explained/
https://mathworld.wolfram.com/Gradient.html
https://mathworld.wolfram.com/Integral.html
https://mathworld.wolfram.com/PartialDerivative.html
https://www.hotsymbol.com/math-symbols
https://en.wikipedia.org/wiki/Maxwell's_equations
https://www.vedantu.com/physics/maxwells-equations
https://collegedunia.com/exams/maxwells-equations-physics-articleid-574
https://www.khanacademy.org/math/multivariable-calculus
https://www.hotsymbol.com/math-symbols
https://en.wikipedia.org/wiki/Mass%E2%80%93energy_equivalence
https://byjus.com/physics/derivation-of-continuity-equation/
https://forvo.com/word/chandrasekhar/
https://en.wikipedia.org/wiki/Subrahmanyan_Chandrasekhar
https://www.nsf.gov/focus-areas/astronomy-space/black-holes
https://en.wikipedia.org/wiki/Stellar_black_hole
https://www.energy.gov/science/doe-explainsneutron-stars
https://en.wikipedia.org/wiki/Chandrasekhar_limit
https://en.wikipedia.org/wiki/Free_neutron_decay
https://en.wikipedia.org/wiki/Lorentz_force
https://www.shutterstock.com/image-vector/man-doing-barbell-bench-press-chest-2164370805
https://en.wikipedia.org/wiki/Therm
https://www.fda.gov/media/135300/download
https://www.essentialhomeandgarden.com/what-is-btu/
https://theengineeringmindset.com/kilowatt-hours-kwh-explained/
https://www.rapidtables.com/
https://www.khanacademy.org/science/electrical-engineering/introduction-to-ee/intro-to-ee/a/ee-standard-electrical-units
https://www.youtube.com/watch?v=1x2C1pe0x9E
https://kathylovesphysics.com/james-joule-biography/
https://en.wikipedia.org/wiki/James_Prescott_Joule
https://www.amazon.com/Halliday-Resnicks-Principles-Physics/dp/1119454018/
https://www.khanacademy.org/science/physics/work-and-energy/work-and-energy-tutorial/a/what-is-work
https://www.howtopronounce.com/italian/galileo
https://byjus.com/physics/trade-winds/
https://en.wikipedia.org/wiki/Galileo's_ship
https://en.wikipedia.org/wiki/Galileo_Galilei
https://phys.libretexts.org/Bookshelves/Classical_Mechanics/Variational_Principles_in_Classical_Mechanics_(Cline)/12%3A_Non-inertial_Reference_Frames/12.08%3A_Coriolis_Force
https://phys.libretexts.org/Bookshelves/Classical_Mechanics/Variational_Principles_in_Classical_Mechanics_(Cline)/02%3A_Review_of_Newtonian_Mechanics/2.03%3A_Inertial_Frames_of_reference
https://phys.libretexts.org/Bookshelves/College_Physics/Book%3A_College_Physics_1e_(OpenStax)/04%3A_Dynamics-_Force_and_Newton's_Laws_of_Motion/4.03%3A_Newtons_Second_Law_of_Motion-_Concept_of_a_System
https://www.youtube.com/watch?v=IWEwpUMoR18
https://www.electrical4u.com/coulombs-law/


[72] Spiegel, MR, PhD, et al, Schaum’s Math Handbook, 5th Ed, McGraw-Hill, 2017.
[73] Khan Academy, Electrical Current Sign Convention, 2022.
[74] Wikipedia.org, Sub-Atomic Hadron: Proton, 2023.
[75] Wikipedia.org, Sub-Atomic Hadron: Neutron, 2023.
[76] Wikipedia.org, Sub-Atomic Lepton: Electron, 2023.
[77] Energy.gov, DOE Explains Protons
[78] French, AP, PhD, Special Relativity, 1st Ed, MIT Physics, WW Norton & Co, 1968. 
[79] Wikipedia.org, Electromagnetic 4-Potential, 2022.
[80] Wikipedia.org, Retarded time for SR Potentials, 2022.
[81] Wikipedia.org, spacetime, 2026.
[82] Wikipedia.org, vector space, 2026.
[83] Wikipedia.org, contravariance & covariance, 2026.
[84] Wikipedia.org, Unification of Theories in Physics, 2025.
[85] Behiel, Richard, YouTube, Electromagnetism as a Gauge Theory, 2024.
[86] NASA.gov, Orbits & Kepler's Laws, 2022.
[87]Murmson, Serm, Seattle Pi, Galileo's Inclined Plane Experiment, 2022.
[88]Fowler, Michael, PhD, U of VA, Newton's Cannonball Thought Experiment, 2022.
[89] George, Everett, Idea Contributions, Calculus Elucidates Kepler's Laws, 2024.
[90] Memorable Quotes, Einstein Quotes, 2022.

Note: Please donate $50/year if you find Wikipedia useful!!!
Please donate $50/year if you find Khan Academy useful!!!

Copyright © 2026 jefgeorge.com Everett George  12 April 2026

21

https://jefgeorge.com/
https://www.khanacademy.org/
https://en.wikipedia.org/wiki/Main_Page
https://www.asl-associates.com/einsteinquotes.htm
https://www.jefgeorge.com/rpt/eduPlanets.pdf
https://galileo.phys.virginia.edu/classes/152.mf1i.spring02/DiscoveringGravity.htm
https://education.seattlepi.com/galileos-experiments-theory-rolling-balls-down-inclined-planes-4831.html
https://solarsystem.nasa.gov/resources/310/orbits-and-keplers-laws/
https://www.youtube.com/watch?v=Sj_GSBaUE1o&t=6784s
https://en.wikipedia.org/wiki/Unification_of_theories_in_physics
https://en.wikipedia.org/wiki/Covariance_and_contravariance_of_vectors
https://en.wikipedia.org/wiki/Vector_space
https://en.wikipedia.org/wiki/Spacetime
https://en.wikipedia.org/wiki/Retarded_time
https://en.wikipedia.org/wiki/Electromagnetic_four-potential
https://www.amazon.com/Special-Relativity-M-I-T-Introductory-Physics/dp/0393097935/
https://www.energy.gov/science/doe-explainsprotons
https://en.wikipedia.org/wiki/Electron
https://en.wikipedia.org/wiki/Neutron
https://en.wikipedia.org/wiki/Proton
https://www.khanacademy.org/science/electrical-engineering/ee-circuit-analysis-topic/circuit-elements/a/ee-sign-convention
https://www.amazon.com/Schaums-Mathematical-Handbook-Formulas-Outlines/dp/1260010538/

